Trypanosomatida parasites, such as Trypanosoma and Leishmania, are the cause of deadly diseases in many third world countries. The three dimensional structure of their mitochondrial DNA, known as kinetoplast DNA (kDNA), is unique since it is organized into several thousands of minicircles that are topologically linked. How and why the minicircles form such a network have remained unanswered questions. In our previous work we have presented a model of network formation that hypothesizes that the network is solely driven by the confinement of minicircles. Our model shows that upon confinement a percolation network forms. This network grows into a space filling network, called saturation network, upon further confinement of minicircles. Our model also shows, in agreement with experimental data, that the mean valence of the network (that is, the average number of minicircles topologically linked to any minicircle in the network) grows linearly with minicircle density. In our previous studies however we disregarded DNA flexibility and used rigid minicircles to model DNA, here we address this limitation by allowing minicircles to be flexible. Our numerical results show that the topological characteristics that describe the growth and topology of the minicircle networks have similar values to those observed in the case of rigid minicircles suggesting that these properties are robust and therefore a potentially adequate description of the networks observed in Trypanosomatid parasites.
Introduction
Trypanosomes are parasites that cause fatal diseases in humans and livestock. For example, African trypanosomiasis, caused by Trypanosoma brucei (T. brucei), used to kill tens of thousands of people each year and still puts about 70 million people at risk in many countries in the regions of sub-Saharan Africa [7, 12] . One important characteristic of Trypanosomes is the three dimensional organization of their mitochondrial DNA, known as kinetoplast DNA (kDNA), into several thousands of minicircles that are topologically linked forming a gigantic chainmail-like network that is confined in a cylindrically shaped region of the mitochondrion called kinetoplast disk ( [6, 11] ). Some topological properties of kDNA have been determined for Crithidia fasciculata, a model organism whose network is believed to mirror that of T. brucei. For example, DNA minicircles are not supercoiled but relaxed [8] and topologically linked by a single interlock (called the Hopf link as shown by the linked pairs in Figure 1 ) [8] . Finally, the average number of minicircles linked to any given minicircle, called the mean minicircle valence, is cell cycle dependent. The value of the mean minicircle valence is equal to three before replication and six at the later stages of replication [2, 3] . How and why the minicircles form a network in these organisms and not in other evolutionary related species remain unanswered questions.
In order to understand the principles behind this complex organization of DNA molecules, we proposed a new theoretical approach to study the formation of topological networks (networks of topologically linked circles) under the assumption that confinement of minicircles in the kinetoplast disk is the main driving force of network formation [1, 4, 5, 9] . In our model, rigid geometrical minicircles are placed on a two dimensional lattice where the density of minicircles is an adjustable parameter. Our studies focus on three key characteristics in the formation of the network: the mean percolation density Dperc, the mean saturation density D sat and the mean minicircle valence. Our studies showed that both Dperc and D sat converge as the grid size increases and that a linear relationship between the density of minicircles and their mean valence. In the well established percolation theory, the limit of Dperc is called the critical percolation density and it has a rather significant feature that we will explain in the next section.
In [3] Chen and colleagues suggested that chain flexibility should be a key factor determining the properties of the kDNA network. This problem has, in fact, been extensively investigated in DNA replication and segregation by Vologodskii and Cozzarelli [15, 16] but never in network formation. In this study we extend the model presented in [4] (where rigid geometric circles were used to model minicircles) by modeling DNA minicircles using freely jointed polygonal chains (polygonal minicircles) and determine how the relevant densities and the mean valence of the network depend on chain flexibility. We first estimate Dperc and D sat for various grid sizes, and then determine the relationship between minicircle density and mean minicircle valence. Since the mean radius of gyration of a polygonal minicircle is smaller than the radius of a geometric circle (of the same length), the linking probability between two minicircles is smaller in the case of polygonal minicircles. Thus one would expect higher Dperc and D sat values and lower mean valences in the case of polygonal minicircles. Our results confirm these. Furthermore, the quantification of the effects of chain flexibility on the network formation provided by our study support the robustness of our previously reported results.
This work is structured as follows: In Section 2, we will provide the necessary definitions and terminology, as well as some basic mathematical background. In Sections 3 and 4, we present our numerical methods and results. Finally in Section 5, we discuss our results and future directions of our work.
Definitions, terminology and background
In our previous work we introduced the Square Lattice Minicircle (SLM) model [4, 5] to measure the effects of volume confinement on minicircle network formation and on the topological properties of the network. In this model the kinetoplast disk was represented by a region of the simple square lattice (although other lattices have been used [5] ) of size d × d, and DNA minicircles were modeled by rigid geometrical unit circles. Two rigid geometric circles can only be linked as a Hopf link so the rigid geometric circles naturally preserve the important feature of a kDNA network that its minicircles can only be linked by a single interlock. In the SLM model minicircles are randomly oriented, that is with their normal vector uniformly chosen over the unit sphere and their center of masses placed at each lattice point of the grid. We call a square lattice with minicircles placed at its vertices a minicircle grid. If a is the distance between two adjacent lattice points in the minicircle grid, then the density of minicircles in the grid is given by 1/a 2 , since minicircle density is the number of minicircles per unit area. A SLM minicircle grid may contain thousands or even tens of thousands of minicircles. The topology is simple if one only examines the relationship between any pair of minicircles: they either form a trivial link or a Hopf link. However, how can we characterize the topology of the entire minicircle grid? To do so, we introduce the concept of a minicircle linked cluster. We say that a set of minicircles form a linked cluster if none of these minicircles can be separated from the others without breaking at least one of the minicircles, see Figure 1 .
Intuitively a minicircle grid with most or even all of the minicircles in a single linked cluster is more stable structurally than a minicircle grid in which only small linked clusters exist. Here we introduce a mathematical concept that is not as intuitive but is more robust. A linked cluster in a minicircle network is said to be a percolation cluster if the cluster connects opposite boundaries of the minicircle grid. A minicircle grid is a network if it contains a percolation cluster. Loosely speaking, a percolation cluster serves as a backbone that supports the overall structure of the network. Of course, the denser the minicircles are in a minicircle grid, the higher the chance for the minicircle grid to become a network. In our previous study, we showed that there exists a critical density, called critical percolation density, such that once the minicircle density exceeds this density, a minicircle grid becomes a network with a probability that quickly approaches one as the density increases regardless of the grid size. Similarly below this critical density, the probability of getting a network quickly approaches zero as the density decreases. The critical percolation density is an important topological characteristic of a minicircle grid and can be estimated computationally from the mean percolation density Dperc since Dperc converges to the critical percolation density. On the other hand, Dperc is easily estimated due to the rapid phase change of the network stability around it. Experimental results on kDNA suggest that all minicircles filling the kinetoplast disk belong to the same linked cluster. We say that a minicircle network is a saturation network if all minicircles belong to the same linked cluster. The average density at which the network becomes saturated is called the mean saturation density. In this paper (and in our previous work) we only require that 99% of minicircles belong to the same linked cluster for a network to be considered a saturation network. We impose this milder condition to avoid some computational complications along the boundaries of the network that would drive the mean saturation density estimation artificially high. Figure 3 shows the mean saturation density as a function of the network grid size. Since minicircles along the boundary of the minicircle grid have a higher probability of not belonging to the saturation network and such minicircles have a higher proportion in smaller grids, the mean saturation density decreases as the grid size increases as shown in Figure 3 . Minicircle grid size Mean saturation density Figure 3 : Estimation of mean saturation densities as a function of the lattice size in the SLM model [5] .
A third parameter of interest is the mean minicircle valence which is defined by the average number of minicircles linked to a given minicircle in the network. This value has been experimentally measured in C. fasciculata and it has been shown to be equal to three before replication and six at the later stages of replication [2, 3] . Our results are in qualitative agreement with these experimental values as shown in Figure 4 , where a linear relation between minicircle density and valence is shown. 
Simulation methods
In this work we model flexible minicircles using freely jointed polygons (also known as equilateral random polygons). This model is somewhat an extreme case. Rather than providing an accurate picture of the biological problem, it provides reference values for the properties of topological networks whose components are highly flexible. It is well known that even freely jointed polygons with a small number of edges can be non-trivially knotted. In this study we do not reject knotted minicircles but instead consider an unbiased representation of polygons for any fixed polygon length. Also we expect links to be more complicated than simple Hopf links, such as those shown in Figure 5 and observed in previous studies [17] . 
Generation of random freely jointed polygons
We generated freely jointed polygons using the generalized hedgehog algorithm [14] as implemented in Knotplot [10] . The generalized hedgehog algorithm is a Monte Carlo method that generates independent polygons in a "step-wise uniform" manner. The algorithm is ergodic and its time complexity grows linearly with the length of the polygon. The current implementation of the algorithm contains a small modification (correction) in the initial generation of the polygon that was suggested by J. Cantarella (private communication). To generate the initial polygon with four edges and with vertices X 0 = O, X 1 , X 2 and X 3 , we chose X 2 first according to its theoretical distribution. The value of X 2 was obtained by first considering r = |X 2 |, whose density function is 1/2 for r ∈ [0, 2] and 0 otherwise and then by choosing X 2 uniformly on the sphere centered at O with radius r. After that, X 1 and X 3 were chosen uniformly on the intersection circle of the unit spheres centered at O and X 2 . The four-edge random polygon consisting of the vertices X 0 , X 1 , X 2 and X 3 follows the theoretical distribution of an equilateral random polygon of four edges. Using this algorithm a data set of 10,000 conformations for each analyzed polygonal length was generated.
Generation of minicircle grids and networks
We generated minicircle grids of size d × d with polygons of fixed number of edges n and total length 2π as follows. For each lattice point in the grid, an equilateral polygon with n edges was assigned. This polygon was randomly selected from the generated data set of conformations and its center of mass superimposed to the lattice point. Once the minicircle was positioned, a random direction was selected and the conformation rotated about this direction by a random angle. Once all the d×d polygons were positioned, the topology of the minicircle grid was determined by calculating the linking number between minicircles that could potentially be linked.
Link determination
As in previous studies we estimated the linking of two polygons by computing their linking number. If the linking number between two polygons is different from zero, then the two polygons are non-trivially linked. In this case the two polygons are said to be homologically linked. There exist nontrivial links whose linking number is zero so there are polygons that are topologically linked but not homologically linked. Trying to determine topological linking of polygons would require the use of various knot invariant polynomials, which is beyond the scope of this paper. Instead, we used the probability of homological linking as a lower bound for the actual linking probability. We computed the linking number of two polygons using the Gaussian integral formulation (see for example [13] ).
Simulation Results
All calculations were performed for polygons with n = 16, 18 and 20 edges and for grids of dimensions 100×100, 200×200 and 300×300. Samples of 1000 minicircle grids were generated for each grid dimension, density value and polygon edge number. The total length of each polygon was scaled to 2π so that results obtained could be compared to our previous results with rigid unit circles.
Distribution of linking numbers
Flexible closed chains, scaled to be of total length 2π, have a mean radius of gyration less than the radius of unit circle. Thus the linking probability between two such closed chains is less than the linking probability between two unit circles that are the same distance apart, see Figure 6 . Since flexible chains may produce links different from the Hopf link, we need to quantify the distribution of linking numbers for different densities and polygon lengths. Our results indicate that at the polygon sizes we considered (namely n = 16, 18 and 20), most linked polygon pairs have absolute linking number 1. For example, in a grid dimension 100 × 100 with polygon size n = 16 edges, we found that less than 15 percent of linked polygon pairs have absolute linking number larger than 1 with densities near the mean percolation density. These percentages only increased slightly when the density increased to values near the mean saturation density, indicating that most of the linked pairs we encounter are indeed Hopf links. Figure 6 : Linking probability between two polygonal minicircles, which is clearly less than the linking probability between two unit circles whose equation is p = 1 − x/2 where 0 ≤ x ≤ 2 is the distance between the centers of the circles (picture not shown).
Estimation of D perc and the critical percolation density
Next we studied the critical percolation density by estimating the mean percolation densities Dperc at different grid dimensions. Table 1 shows the estimated Dperc values for polygons with 16, 18 and 20 edges and grid dimensions 100 × 100, 200 × 200 and 300 × 300. As expected in all cases a rapid phase transition in network formation happens around Dperc as shown in Figure 7 .
As observed in our earlier studies, Dperc slowly increases with the dimension of the grid. It also increases with the number of edges of the polygon because polygons with more edges have smaller radius of gyration when scaled to a fixed length. Notice that the effects due to the flexibility of the chain (hence smaller overall radii) are very visible in the critical percolation values since the corresponding value in the SLM model at grid dimension 100 × 100 is estimated to be around .637 (see Figure 2) [4, 5] . 
Estimation of mean saturation densities
Next, we studied the D sat values at the 99% saturation level. As in the percolation case the grid sizes were 100 × 100, 200 × 200, 300 × 300 and polygon lengths were 16, 18 and 20 edges. Results are shown in Table  2 . Similar to the case of Dperc, D sat also increases as the number of edges in the polygon increases (i.e. as the minicircle becomes more flexible). For comparison purposes, let us point out that the corresponding D sat values in the SLM model range from 1.16 to 1.19 for grid sizes ranging from 100 × 100 to 300 × 300 (see Figure 3 ). So there is clearly a large increase in the D sat values and these values increase as the number of edges increase, this is similar to the case of D perch above. Finally, D sat decreases as the grid size increases, consistent with what was observed earlier when unit circle was used to model the minicircles, see Figure 3 . 
Estimation of the mean minicircle valence
The purpose of this part of the study was to confirm a linear relationship between minicircle density and mean valence and to determine the effect of chain flexibility on the mean valence. The data were obtained by averaging the valences, over 1000 grids, of the center minicircle in a 7 × 7 minicircle grids. Figure 8 shows the mean minicircle valence as a function of minicircle density for polygons with16, 18 and 20 edges. Notice that overall the near linear relationship still exists but with a smaller slope compared with the case of the SLM model. For example, at density 4 the mean valence is less than 3 here whereas it is around 15 for the SLM model. 
Discussion
A key parameter in modeling kDNA minicircle networks is the flexibility of the DNA molecules. In this study we have compared models two extreme models of minicircle flexibility: (1) the SLM model with minicircles represented by rigid geometric circles and (2) the SLM model with minicircles represented by freely jointed chains. We have chosen these two extremes with the rationale that the minicircles in kDNA have a degree of flexibility in between these two models. Introducing chain flexibility leads to increased critical percolation density and mean saturation density values. However, the increase in the mean percolation densities and mean saturation densities is less than two fold. Our study showed a near linear relationship between the mean valence and the minicircle density. However the slope of this linear relationship is decreased by nearly 80%. We thus conclude that the global topological properties of minicircle networks such as percolation and saturation are robust across models and the confinement is a key driving force. However, the local topological properties as measured by the mean valence are likely affected more profoundly by how the minicircles are modeled. There are many factors that need to be carefully examined in modeling a kDNA minicircle. These include the volume exclusion property, the spatial orientation and geometric configuration, and the level of flexibility. The authors are carrying out a systematic study to examine these factors and this work is a part of that long term effort.
